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CO ' Abstract. The aim of this paper is to present some results about generation, sectoriality 

and gradient estimates both for the semigroup and for the resolvent of suitable realizations 
of the operators 

A J ' b u(x) — yxu"(x) + bu'(x), 
• with constants 7 > and b > 0, in the space C([0, 00]). 
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The motivation for this paper comes from investigations on the analiticity in the space of 
continuous functions on the d-dimensional canonical simplex S d of the semigroup generated 
by the multi-dimensional Fleming- Viot operator (also known as Kimura operator or Wright- 
Fischer operator, see [E3 US El [UJ 123 H3) 



Au{x) = ]p(x) - .<■, )();. ,.ul,r) +^bi(x)d Xi u(x), (0.1) 

i,j=l i=l 
where b = (6j,... , bd) is a continuous inward pointing drift and 7 a strictly positive con- 
' tinuous function on S . The operator ([0.1 1) arises in the theory of Fleming-Viot processes 

. as the generator of a Markov Co-semigroup defined on C(Sd)- Fleming-Viot processes are 

measure-valued processes that can be viewed as diffusion approximations of empirical pro- 
cesses associated with some classes of discrete time Markov chains in population genetics, 
l/^ , We refer to \T7\ [217] for more details on the topic. 

If b = 0, it has been proved in pQ that the closure of (A, C 2 (S d )) generates a bounded 
analytic semigroup, but to extend the result to the case of a non- vanishing drift, it is needed 
a careful estimate of the constants appearing in the study of the sectoriality of the one- 
dimensional operator 

Au(x) = 7(x)x(l - x)u"{x) + b{x)u'{x), x G [0, 1], (0.2) 
/S ■ 

where 7 is a continuous strictly positive function and b is a continuous function such that 
6(0) > and 6(1) < 0. As already pointed out by Feller in the fifties (see |181 [19] , see 
also [261 lll[ [10]). these degenerate operators generate positive and contractive semigroups 
in C([0, 1]) if suitable boundary conditions are added. 

The aim of this paper is to present some results about generation, sectoriality and gradient 
estimates for the resolvent of suitable realizations of the operators 

A^ b u(x) = jxu"(x) + bu'(x), (0.3) 

with constants 7 > and 6 > 0, in the space C([0,oo]), because they model in the 
behaviour of the operators (I0.2j) near the end points and 1. 

To this end we review some results established mainly in [22[ [T3"| I14| . and we propose 
them in a unified way. We point out that the works [T3"| [Ti] are addressed mainly to 
the study of the operators (|0.2[) . (|0.3|) in Holder continuous function spaces, while we will 
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mainly focus on spaces of continuous functions. Moreover, several proofs are different from 
those of the cited papers and could be of independent interest. 

Precisely, we start considering the explicit expression of the kernel p' y,b (x, y, t), given, e.g., 
in |13^ [7j, of the solution operator P 4 7 ' for the equation dt — A 1)b . After proving some 
estimates for p' y,b (x,y,t), we show that (P i 7 ' b )t>o is a Co-semigroup in C([0,oo]) and that 
its infinitesimal generator is A y ' b endowed with the domain 

D(A^°) = {u G C([0,oo]) n C 2 (]0,oo[) | lim A^°u(x) = 0, 

z->0+ 

lim A^'°u(x) = 0}, if b = 0, 

x— >-+oo 

D{A~<> b ) = {u G C l {[®,oo[) nC 2 (]0,oo[) nC([0,oo]) I 

lim xu"(x) = 0, lim A~<' b u(x) = 0}, if b > 0. 

Moreover, we prove that the space of C 2 -functions on [0,oo[ that are constant in a neigh- 
bourhood of oo is a core for (P 7 ' )t>o- 

At this point, the analiticity of (P t 7,6 )t>o in C([0, oo]) follows immediately from the results 
in \22\ |9j, but with a careful analysis we also prove that, for any B > and 70 > fixed, 
there exists a constant C = C(B, 70) > such that, for every b £ [0, B] and 7 > 70, 

\\tA^ b P?> b \\<C(B, l0 ), t>0, 

that is, the analiticity constant is uniform in bounded intervals [0, B] and in half-lines [70, 00 [ 
with 70 > 0. 

We also get pointwise gradient estimates both for the semigroup and for the resolvent 
i?(A, A 7 ' 6 ) and, in the case b > 0, we prove that d x R(\, A' 1 ^) is a continuous operator from 
C([0, 00]) into itself and give an estimate of the operator norm. 

The results presented in this paper play an important role in [4] to show the analyticity 
in spaces of continuous functions of the semigroup generated by some degenerate diffusion 
operators defined on domains of M. d with corners like (IQ.lj) . For further results on regularity 
in weighted LP spaces of the semigroup generated by some classes of operators of type (10. lj) 
we refer to [2 [3] and the references therein. 

Notation. We will denote by Cb([0,oo[) the space of continuous bounded functions on 
[0,oo[ and by C([0,oo]) the Banach space of continuous functions on [0, 00 [ converging at 
infinity, endowed with the sup- norm || • ||oo* Analogously, for every k G N, C fc ([0,oo]) stands 
for the space of functions u G C([0, 00]) with derivatives up to order k that have finite limits 
at 00. Finally C^([0, 00 [) denotes the subspace of C fc ([0,oo[) of functions with compact 
support and Co([0,oo[) denotes the space of continuous functions on [0, oof vanishing at 00. 

1. Preliminary results 

Lemma 1.1. Let A > 0. Then there exists C = C(A) > such that, for every < a < A 
and s > 0, 

£ssw^°^( 1+ ^-)- <L1> 

PROOF. Recall that the Bessel modified function of the first kind and parameter v G M 
is defined by the formula 

l u (x) = V ^y' -, x > 0, (1.2) 

m=0 v ; 
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and so, for v = a — 1 we have 



E 



1 



m\T(m + a) S V 



— J a _i(2Vi), s>0. 



m=0 v- ■ / S 

Moreover, by [23, (7.16)], for every x > 0, the following estimate holds 



\Iu(x)\ < 



1 



(2ttx) 



e x \Av z - 1| +7T2 e 



i |- 2 -|| |(4i/ 2 -l)(4i/ 2 -9)|' 



+ e" 1 |4z/ - 1| +2e— 



"Ml |4i/ 2 - 1| 



C t / c 1 



.r 



where C = max-fy^^ 2 — l||4z^ 2 — 9|, 2|4i/ 2 — 1|}. Then the assertion follows by applying the 
previous estimate with v = a— 1, C = maxr ^{y^^a 2 — 8o+3||4a 2 — 8a — 5|, 2|4a 2 — 8a + 3|} 
and x = 2yfs. □ 

Lemma 1.2. For every 5 > and for every s > 



E 



m — s\ 



m=0 

In particular, we have 



(m + 1)! 



< 5- 



1 1 



+ - [e s - 2 - s + 



E 

rn- 

E 



m — s 



m=0 

oo 



(m + 1)! 



m — s\ 



m=0 



(m + 1)! v ys 



O(y's) as s -> 0" 1 



0(— p) as s —)• oo. 



PROOF. Fix any <5 > 0. Then, for every s > 0, we have 



< 



E 

m=0 

oo 

*E 



m — s\ 



(m + 1)! 



1 



E 



\m — s\ 



|m— s|<<5 



m + 1)! 



+ E 

|m— s|><5 



m — s 



m + 1)! 



(m + 1)! 5 

m=0 v ' m=0 



(m + 1)! 



'^M(£ 



00 2 m 

m S 



+ *E 



(m + 1)! 



ms 



s S \ ^ (m + 1)! 

\m=l m=0 

'~ m(m + 1) ^ + ^-l)-2 S ^ 



,e s - 1 1 / ^ 

\m=l 



m=0 

oo 



(m + 1)! 



(1.3) 
(1.4) 



(m + 1)! 



E 



ms 



m=0 



ms 

(m + 1)! ^ (m + 1)! 

x ' m=l v ' 



e s - 1 
5 + 



1 



E 



' (m- 1)! 



+ s(e s -l)-(2s + l) £ 



(m + l)s* T 
' (m + 1)! ^ (m + 1)! 

1 v ' m=l v 7 



E 



- 1 1 
+ 1 

S 

- 1 1 



se 



+5( e--i)- ( 2 5+ i) ES-iE 



m! s 

m=l m= 



^ (m + 1)! 
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Choosing 5 = \/s, we get that 



^ . s m e s -l If, e s 
/ \m-s\- — < — -^ + —= [e s -2-s + — 

^ 1 (m. -I- 1 V * /s , fa \ 



(m + 1)! - 
Since 

1/ e s - 1 \ 1 e s — 1 

— 7= e s — 2 — s H ~ —y/s and — =— ~ \fs as s — > 0, 

V s V s J 2 V s 

we easily deduce the assertion for s — > + , while the behaviour as s — > oo follows observing 

that 

e s - 1 1 / e s - 1 \ e s 

+ ^ e s - 2 - s H ~ 2— as s oo. □ 



x/s y/s \ s ) yfs 

Lemma 1.3. For every s > 

1 f'°° 

—— / e- z z s - l \z- s\dz<2^~s 
Jo 

PROOF. For every 5 > and s > 
1 

r(S) 

< \ j e~ z z s ~ 1 \z — s\ dz H / 

r(s) 7| 2 _ s | <5 ' " r(s) y| Z _ S |>,5 

* 4)( ir(5)+ ^r e ' v " (z -' )2<i2 ) 



oo 

z „S— 1 



e z z s \z — s\ dz 



e z z s 1 \z — s\ dz 



i 



dT(a) + i (r(s + 2) - 2sF(s + 1) + s 2 r(s)) 



r(s) V <5 7 <5 

Then the thesis follows by choosing 5 = \/s. □ 

2. The semigroup (P t 7,fc )t>o 

Fix any 7 > and b > 0. For every x,y > and i > set 

, _b x+ y \ x m y m 

p 1 ' (x,y,t) = ht) ~<e i* yi > j—— ^ — — if b > 

^ m!r(m + i) 7 2m t 2m 

x x+y 00 1 T m+l 7 .m 

pr>°(z,y,t) = e--t5 (y) + (7*)-^ E (m + 1)!m , if ft = °' 

where <5o is a point mass at 0. Thanks to (|1.2p the kernels can be written as 

1-V7 



p^(x,y,t) = -^-j e-—I bh ^^-^fj if6>0 (2.1) 

p^W.t) = e-*ab(v) + ^ (~) " e-^/l (^) if 6 = 0. (2.2) 

Therefore, we easily obtain that 

> 

p' y ' b (x,y,t)dy = 1, x>0, t > 0. (2.3) 
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Moreover, in |13L Corollary 9] (see also [7] for a stochastic approach), it is shown that 

roc 

p' 1 ' b (x,y,t + s) = p' r ' b (x,z,t)p^^ b (z,y,s)dz s,t>0,x,y>0. 



The properties above ensure that, for each t > 0, the operator P^ ,b : Cb([0, oof) — > Cb([0, oof) 
defined by 

poo 

P?> b f(x) = / p^ b (x, y, t)f(y)dy, f 6 C b ([0, oof), x > 0, (2.4) 
J o 

is well-defined and continuous and that the family (P^' b )t>o is a contraction semigroup in 
C b ([0, oof) (here, Pq^ := I). We also observe that, for every / E C b ([0, oof) and x > 0, we 
have 

P^/(*) = e"* [-+) w , -J\ / e- z z m+ -- 1 f( 1 zt)dz if 6 > 0, (2.5) 
fr'nVTV m!r(m + ^)J 



m=0 

while 

oo / \ m+1 



at) / \ m+l i poo 

P^f{x) = e -*/(0) + e"^ £ - / e-*z m finzt)dz if 6 = 0. (2.6) 

^ \7*/ m!(m + l)!7 

Since J °° p' y,b (x,y,t)y k dy is convergent for every A; € N, with an abuse of notation we can 

set P^' b (f) = p' y ' b (x, y, t)f(y)dy for every continuous function / with polynomial growth 
at infinity. 

In the following, for each x, y > we set T x {y) := (y — x). 

Lemma 2.1. Let b > and 7 > 0. Then, for every x,t > and k £ N, the following 
properties hold: 

(1) P?> b (T x )(x)=bt, 

(2) ^(t^X*) = -xF?*{t*)(z) + btP^(r k )(x) + xP^ b+2 \r k ){x). 
In particular, for every x,t > 0, we have 

P?>\tI){x) = 2 7 t x + t 2 b(b + 1 ), (2.7) 
P t 7,6 (|r,|)(x) < y /2 1 tx + t*b(b + >y). (2.8) 



PROOF. Let b > 0. By fj2.3j) and fj2.5j) we obtain, for every x, t > 0, that 

ffV x )(*) = e -^E(4) FT~ *m W e-*z m+ -,dz-x 
^ V7V m!r(m + ^) 7o 

/ x \ m m + b/j 
^ KytJ ml 

= x + bt — x = bt\ 

hence, (1) is satisfied. 
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Fixed any k S N, we have, for every x, t > 0, that 

P^\r k+l ){x)+xPf{T k ){x) = / p^(x,y,t)y(y-x) k dy 



o 



jte ^y(-) T- f e~ z z m+ ^Htz - x) k dz 

7 te-Tt y ( E-Y r e- z z m+ ^( 7 tz-x) k dz 

oo 



= 7 te~5 y ( E. ) / " e-z/^i-ftz - xfdz 

b x °° / x \ m l /*°° b 

+jt-e~^ y ( — ) : / e~ z z m+ ^htz - xfdz 

= xP^(r k )(x) + btP^ b+ \r k ){x) 
and so (2) is also satisfied. As a consequence we deduce, for every x, t > 0, that 

P?\rl)(x) = -xP?> b (T x )(x) + xP^(t,)(x) + btP^(r x )(x) 
= -xbt + x(b + 2-y)t + bt(b + 7)* = 2-ytx + t 2 b(b + 7). 



Finally, by applying Holder inequality together with (12. 3ft and (12.T|) . we get, for every x > 0, 
that 



/■oo / /-oo \ 5 

y p-r' b (x,y,t)\x - y\dy < U p^ b (x,y,t)\x - y\ 2 dy) = y/2-ytx + t*b(b + 7). C 

Lemma 2.2. Lei 7 > 0. Then, for every x,t > i/ie following properties hold: 

(1) P7'°(r,)(x)=0 ; 

(2) i?'°(rj)(z) = 27ta. 

/n particular, for every x,t > 0, we have 

P?'\\t x \)(x) < JWx. (2.9) 
PROOF. By (|2.6p we obtain, for every x, t > 0, that 

00 / \ m+l 



^ \7V m!(m + l)!7 

_ _i. ^ / x \ m+1 1 
-xe t* + 7te t* > I — I — - 

■m=0 V ' 7 
00 / _ \ m+l 

-xe 



X \ 1 



^t) (m + l)! 

_ xx 

-xe i* + x — xe t* (e 1 " — 1) 



m=0 



-xe t* + x — x + xe t* = 0: 
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hence, (1) is satisfied. Also, for every x, t > 0, we have 

P7<°(r x 2 )(x) = x 2 e"^ + e"* £ ^ / e"^( 7 te - x) 2 dz 

= xv^+ 7 2 tv^f;(^) m+1 (m + 2)! 

™_n V 7^ / 



, . , ml(m + 1)! 

m=0 

m+1 



77?! 



^ WJ m!(m + l)! ^ \7V m!(m + l)! 

2°°/\m 1 oo / v. m -, 

r, 9 9 _i X V — v / X \ 1 9 9 _^ X v— v I X \ 1 

= x 2 e 7t+ 7 2 t 2 e ^^-^> — — + 2 7 2 t 2 e 7t_ \ — — 

X JL o -— / — \ 

— 2 7 ixe t< — ei" + x e Tt(eT* —1) 
= x e t* + x + 2 7 ix — 2x + x — x e t< = 2 7 tx 

and so (2) is satisfied. Finally, by applying Holder inequality together with (|2,3p and the 
property (2) above one easily shows (|2.9p . □ 

Lemma 2.3. Let b > and 7 > 0. T/?en i/?e following properties hold. 

(1) ///eC b ([0,oo[), then 

lim P, 7 ' 6 / = / 

uniformly on compact subsets of [0,oo[. 

(2) If b > 0, i/jen i/?ere exists a constant C = C(b) > sue/? that, for every f € C c 
with supp(f) C [0, M] and x, t > 0, we /7ai> e 



h , 1 

W'/MI < cil/IU-^- (-) ^ + ^) • P-«0 

7/6 = 0, i/ten i/iere exists a constant C > suc/i £/ia£, /or ewery / E C C (1R + ) it«i/t 
supp(f) C [0, M] and x,t > 7 u/e /7,ai>e 

„, n ..:-2v^m / M \ 3 / g7* \ 

|l7' /(-)l<C||/||ooe-— (-J VF( 1 + e ^V^J- (2 ' U) 

Therefore, for every t > 0, lim ;c _ 5 . 00 P^ ,b f(x) = and lim i _ > Q+ P^ ,b f(x) = f(x) 
uniformly on [0, +oo[. 

PROOF. (1) Let / G C7 b ([0,oo[) and let M > 0. We prove that \im t -+ P?' b f (x) = f(x) 
uniformly in [0, M]. Indeed, let e > and let 5 > be such that \f(x) — f(y)\ < £ whenever 
x,y € [0, M\ satisfy |x - y\ < 5. Then, by (f!T8|) and (f2T9|) . we obtain, for every x G [0,M] 
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and t > 0, that 



p^ b (x,y,t)(f(y)-f(x))dy 
< ef p^ b {x,y,t)dy + 2\\f\\ 00 [ p^ b (x,y,t)dy 

J\x-y\<8 J\x~ y\>5 

p 7 ' b (x,y,i)|x - y\dy 



< e + 



< e + 



£ e + 



-yj2 1 tx + t 2 b{b + 1 ) 
-y^ytM + t 2 b(b + j). 



We now get immediately the assertion. 

(2) Let / G C c ([0,oo[) with supp(/) C [0,M]. If b > 0, then, by (J23]) and Lemma O 
we obtain, for every x, t > 0, that 



\P? b f{x)\ < \\f\\oce-5J2 

m=C 
oo 

E 



oo / N m 



jt J m!r(m + 6/7) Jq 



7* 



X 



ooe t* 

m=0 

fM\ bh °° 

ooe t* 



1 (MY 



m+6/7 



7t y m!r(m + 6/7) m + 6/7 \"ft J 



M\° n ^ fxM\ 



m=0 



\7 2 i 2 / m\T(m + 6/7 + 1) 



< Cll/llooe"^ — e 



- 1 + e^^M 



\fxM 



CH/Hooe- 



z 2VxM jt ( M\ 2 ~t 



b L l 

4 



M \ x J 



If b = 0, then, by (|2.6p and Lemma we obtain, for every x,t > 0, that 



^ 7 '°/(x)| < 



00 / x m+1 -, 

,e" + ||/||ooe"^ (4) 

m=0 v ' u 



< 



00 / N m +l 
X x 



m=0 



A A 

7*7 (m + l)!(m + 1)! \jt J 



e z z m dz 

m+l\ 



-.e t j 



E 



m=0 



\7 2 t 2 y rar(m + 1) 



< CH/Hooe-^e— 



2^x1? [ 



4 /M /t* 



- 1 + e2v^M 



gai 7* 



C-ft 



It \ 
yfxMJ 



x V M 

Now, if / € C c ([0,oo[) with supp(/) C [0,M], then (|2TT0l f (l2~TT]l for 6 = 0) clearly implies 
that lim^-j.oo P^' b f(x) = for every t > 0. On the other hand, fixed any e > 0, by (12. 101) 



f ([2~TT]) for 6 = 0) there exists N > M so that |P t 7 'V(^)l < e/2 for every x > N and 
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< t < 1. By (1) there is also t e]0, 1] for which max x . e [oiV] \P^ b f(x) - f{x)\ < e/2 for 
every < t < t. So, it follows, for every < t < t, that 



sup \P^ b f{x) - f(x)\ < max \F?'°f(x) - f(x)\ + sup \P? ,0 f(x)\ < e/2 + e/2 = e. 

ze[0,oo[ a:e[0,iV] x> n 



This completes the proof. 



□ 



Proposition 2.4. Let b > and 7 > 0. TTien (P t 7 ' b )t>o «s a Co-semigroup in C([0, 00]). 



PROOF. Since each operator P 4 7 ' b preserves constant functions and is contractive, it 
suffices to prove that (P^ ,b )t>o is a Co-semigroup in Co([0,oo[). So, we first observe that 
Lemma 12.31 (2) and the fact that P// ,b is a continuous linear operator from Cb([0,oo[) into 
itself ensure that 



P 7 ' b (Q,([0,oc[)) = P 7 ' b (C c ([0,oc[)) C P7' 6 (C c ([0,oo[)) C C ([0,oo[). 

Hence, P/ t,b is a well-defined bounded linear operator from Cq([0, oo[) into itself. On the 
other hand, if / E C c ([0, oo[), then by Lemma |2.3( 2) we have lim t _ >0 + Pt' f = f uniformly 
on [0, +00 [. The density of C c ([0,oo[) in Co([0,oo[ and the contractivity of (P^' b )t>o imply 
that lim t _ s . + P-t' f = f un if° rm ly on [0, +oo[ for every / G Cq([0, oo[). This completes the 
proof. 



□ 



In the sequel, we denote by (A,D(A)) the generator of (P t 



)t>o 



in C([0, 00]) and set 



D := {C 2 ([0, 00]) I / is constant in a neighbourhood of + 00}. (2-12) 

Proposition 2.5. Let b > 0, 7 > and let D be defined according to (12.121) . Then D C 
D(A) and 

Af{x) = 1 xf"(x) + bf(x) 

for every f £ D and x > 0. 

PROOF. Fix any / € D. Since each P t 7,6 preserves constant functions, we can assume 
w.l.o.g. that / G C 2 ([0,oo[) with supp(/) C [0,M]. 

Now, let b > 0. Then by f|2. lOj) we have, for every x > 9M and t > 0, that 



P^ b f(x) - f{x) 



< 



< 



c\\f\\c 
t 

t 



< 



s b 4- 1 



\ X J 




C-ft 



— 1 + ea^M 



It 



\fxM 




It follows that 



P^fjx) - fjx) 

t 



lim 



C-yt jt 

1 + e~M~ — 
M 



= jxf"ix) + bf'(x) uniformly on [9M, 00 [ 



(2.13) 



On the other hand, for every x, y > we can write f{y) = /(x) + / / (x)r x (y) + ^f"ix)r^iy) + 
ui(x,y), where u)(x, y) = - — ^ ( x ~ V) 2 with £ belonging to the interval having x and 
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y as endpoints. Since \uj(x,y)\ < \\f"\\oo{x — y) 2 for every x,y > 0, by (I2.7j) we obtain, for 
every x, t > 0, that 

P?' b f(x) - f(x) 



ixf"{x) - bf'(x) 



\f"(x)tb{b + 1 ) + I P ^ b (x,y,tMx,y)dy\ 



-I roa 

< ^Wf'Woobib + ^ + WrWooJ^ p^ b (x,y,t)(y-x) 2 dy 

= ^||ri|oo^ + 7) + ll/"l|oo J P t 7 ' fe (T x 2 )( 2; ) 

= ~i||/"lloo&(& + 7 ) + 1 1 /"| |oo [2jtx + t 2 b(b + 7 )]. 

It follows that 

p~t' b f(x) - f(x) , , 

lim — = r yxf"(x) + bf'ix) uniformly on compact subsets of [0, oo[. (2.14) 

t->o+ t 

So, by (l2~T3jl and (I2l4l) we get that lim^ + p t'"f( x )-f( x ) = lx f{x) + bf{x) in C([0, oo]). 
In case 6 = the proof is analogous via (12. lip and Lemma [2.2( 2). □ 

3. The infinitesimal generator A 7 ' 6 

We now consider the operator A^^u = ^xu" + bu\ with the domain Z?(^4 7 ' b ) defined in 
the introduction, i.e., 

D(A7>°) = {u G C([0,oo])nC 2 (]0,oo[) | lim A^°u(x) = 0, 

lim A 7 '°-u(x) = 0}, if b = 0, 

D(A 7 ' b ) = {nGC 1 ([0,oo[)nC 2 (]0,oo[)nC([0,oo]) I 

lim = 0, lim ^ 7 ' b u(x) = 0}, if b > 0. 

It is known that (A 7,6 , D(^4 7 ' 6 )) generates a Co-contractive semigroup in C([0, oo]) (see, e.g., 

EM). 

Proposition 3.1. Lei 6 > 0, 7 > anc? /ei D be defined according to (12. 12ft . T/ien £/ie 
following properties hold. 

(1) L>(A 7 < b ) C {n G C 2 (]0,oo[) I lim x ^ xu'{x) = 0, lim^ u'(x) = 0}. 

(2) D is a core for (A^' b , D(A^' b )). 

PROOF. (1) Let u G D(A^< b ). Then, for every e > there exists M > such that 
|j4 7 ' 6 «(x)| < 76 for every x > M. On the other hand, we have, for every x > M, that 

x rx 

A^^ b u(s)ds = jxu'(x)-jMu'(M)+ / (b - j)u' \s)ds 

M JM 

= jxu'(x) - -yMu'(M) + (b- j)(u(x) - u(M)) 

and hence, 

u'(x) = — r A^' b u(s)ds + —u'(M) + ^—L(u(M) - u(x)). 
1% J M x 7X 



ONE-DIMENSIONAL DEGENERATE DIFFUSION OPERATORS 



11 



So, we deduce, for every x > M, that 
1 



\u'(x)\ < 



1 



IX J M 

1 



lA^uisVds + — \jM\u'(M)\ + 1(6 - j)(u(M) - u(x)\] 

7X 



< s + — [jM\u'(M)\ + |(6 - t)(m(M) - u(x))\] . 
l x 

This ensures that limsup a ,_ ) . +00 |u'(x)| < e; it follows that lim a ._ >+00 u'(x) = as e is arbi- 
trary. 

If 6 > 0, then clearly lim. c _ > o+ xu'{x) = 0. If 6 = 0, we can apply the same argument as 
before integrating on a suitable small interval [0,6]. 

(2) Let u G D(A~<> b ) and let G C c ([0,oo[) satisfy 0(x) = if x > 2 and 0(a) = 1 if 
x < 1. For each n G N we set 

f + (X - iW(i) + Ux - ±)V'(±) < X < ± 

«n(a?) := < ^ < x < 1 

[ «x)- 00(f) +i X>1, 

where I := lim :c _ > . 0O u(x). Then u n G C 2 ([0, oo[) H C([0, oo]) and u n is constant in a neigh- 
borhood of +oo as it is easy to verify. So, (u n ) n C D. It is also straightforward to prove 
that u n —> u uniformly on [1, +oo[. Moreover, for every n G N, we have 



sup \u n (x) — u(x)\ < sup 



u(x) — u 



+ 



1 



n 



/ (I 



u 



n 



+ 



1 



n- 



Since lim z _ 5 . + xu'(x) = by (1), it follows that u n — >■ ii uniformly on [0, 1]. 
Therefore, u n ^ u uniformly on [0,oo[. 
On the other hand, for every n G N, we have 



sup \A~<' b u n (x) - A~<' b u(x) 

I6[0,l] 



sup 

0<x<i 



- ./•// ( — ) + 6 



1 



n / V n 



"fxu"(x) — bu'(x) 



^ (\ "I \ i , ^ + // Z' 
< sup 7xu (x) H it 

o<x<i V n V 



// ( - 

n 



+ 6 



u (x) — u I — 



(observe that the term 6 kt'(x) — u' (-) | disappears in the above inequality for 6 = 0) and 

',£».. / \ A-y,b„ 



sup\A^ b u n (x) - A^ b u(x) 

x>l 



= sup 

x>l 

< sup 



3 ) - 1 ) A 7 ' b U (x) + 2^V(x)0' (^-J + 



1) A 7jb u(x) 



7X „ / x \ h , (x 



— 0" - +-0' - 
n z Vn/ n Vn 



(«(x) - /) 



+ sup 

n<x<2n 



2 7 x , 



«w (£) 



+ 



7X j(/ ^x 

~~ 2 



+ 



n/ n vn 



(«(x) - I) 



< sup 

x>n 



A^ b u(x) + 4||0 / || oo7 sup K(x)| + (^||0"|U + -II01IOO1 sup I 

n<x<2n \ n n J n<x<2n 

Taking (1) into account, it follows that j4 7,fe u n — > A^ ,b u uniformly on [0, +00 [. 
Therefore, D is a core for (A 7 ' 6 , _D(A 7 ' 6 )). 

Remark 3.2. For similar results in a more general setting we refer to [5]. 



\u(x) — l\. 



□ 
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Proposition 3.3. Let b > and 7 > 0. Then (A' y ' b , D(A y ' b )) is the infinitesimal generator 
of(P?' b )t>o- 

PROOF. By Propositions 12.41 and I3.U 2) we have that D C D(A), A and A 7 ' 6 coincide 
on D and that (XI - A)(D) = (XI - A^' b )(D) is dense in C([0,oo]) for some A > 0. It 
follows that D is also a core for (A,D(A)). Since (A,D(A)) and (A~<> b , D(A~<> b )) are closed 
operators in C([0,oo]), the thesis follows. 

A straightforward application of the First Trotter-Kato Approximation theorem (see, e.g., 
|12[ Chap. Ill, Theorem 4.8]) and of the results above gives the following result. 

Corollary 3.4. Let b > and 7 > 0. Then, for every f E C([0,oo]), 



37,6 f = p7,0 

in C([0, 00]) uniformly for t in compact intervals. 



lim P, 7 '7 = P, 7 '7 



4. Analyticity constants for (P? ,b ) t >o IN C([0, 00]) 

It is known that, for every b > and 7 > 0, the operator (A 1,b , D(A 1,b )) generates a 
bounded analytic Co-semigroup of angle tt/2 in C([0, 00]). Indeed, A 1,b u has the same 
behaviour in of the operator Z? 7 ' 6 , defined by B^^u = xu"(x) + bu'(x), with domain 

D(B^°) = {ue C([0, 11) n C 2 (]0, 1[) I lim Bu = 0, u'(l) = 0} */ b = 0, 

ZXZ? 7 ' 6 ) = {«£ C^QO, 11) n C 2 (]0, 1[) I lim xu"(x) = 0, u'(l) = 0} if b > 0, 

which generates a bounded analytic Co-semigroup of angle tt/2 in C([0, 1]), see |22^ [9] . On 
the other hand, by performing the change of variable x = ^, it can be seen that j4 7,fc behaves 
at 00 as the operator C 7 ' fe , defined by C 7,b u = ^yy^v" + (2 — b)y 2 v l ', with domain 

D(C"<> b ) = {ue C([0, 1]) n C 2 (]0, 1[) I lim C 7 ' b u = 0, u'(l) = 0} 

behaves near 0. By |1CH Theorem 4.20] and the comments below, (C 7 ' b , D(C 7 ' 6 )) generates 
a bounded analytic Co-semigroup of angle tt/2 in C([0, 1]). 

Now, by suitable cut and paste tecniques (see, e.g., [9j Proposition 2.4]), it easily follows 
that K 1 ^ generates a bounded analytic Co-semigroup of angle tt/2 in C([0,oo]). So, there 
exists M = M(7,6) > such that \\tA^' b P^' b \\ < M 7>b for every t > 0. Nevertheless, we 
now show that M(j, b) is uniformly bounded in bounded intervals [0, B] and in half-lines 
[7o,oo[ with -B,7o > 0. 

Proposition 4.1. Let -B,7o > 0. Then, for every b E [0,B], 7 > 70 and f E C([0, 00]), 

b b 2( 1 + V2 + 6) 2( 1 + V2 + a) ( Q 

7 7o 

PROOF. Fix 6 > and 7 > 0. If / E C([0,oo]), then straightforward calculations (see, 
e.g., [7 S Lemma 4.5]) show, for every x > and t > 0, that 

00 / \ tti -1 r oo / m+- m+~—l \ 



* 7* ±iVW Wo 



e 



T(m+^ + l) T(m + 



m=o x,/ ■' u \ v 7 / \ 7 ' / 

xf( 7 zt)dz, (4.2) 
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m=l ^ 



<x> / \ m—1 i 
I \ 1 



(m- 1)! 



/•OO 

x e 
Jo 



m+ — 

Z 1 



Z 1 

2— - + 



m+-^-2 

Z T 



^r(m + ^ + l) T(m + ^) r(m+^-i) 



7* 



(4.3) 



So, by Lemma 11.31 we obtain, for every x > and i > 0, that 
\(P?' b f)'(x)\ < 



e t* \ _ 



1 



7V m!r(m + - + l) 



-2 m+2--l 

x / e z i 



z — m 

7 



< 



1 00 / 

1 \ - / X 

— e t* > — 



It 



m=0 



dz 
2 



m! A /m + - 



2 

'7* 



(4.4) 



On the other hand, summing by parts in (|4,3p we have, for every x > and t > 0, that 



1 ^jl x [°° 
— e t* — / e z fhzt) 
It Jtj JU 1 



x(P^f)"{x) 

+-e^V (-] J_( m - — ) / e ~ z f(jzt) 
It ^ \7V m! V It) Jo 



y 6/ 7 -l 



X \ 1 



r($ + i) r(i) 

7 m+b/"/ 



dz + 



,771+6/7-! 



r(m + ^ + l) T(m + ^) 



dz. 



Therefore, again by Lemma [1.31 we deduce, for every x > and t > 0, that 



ix(p^/r^)i<-ii/iioo + 
+>iu-E(^ 



2 1 

< ^ll/lloo + -IIJIIx 



OO 

m=l 









m — 




/ 




li 


JO 






1 






m\ 



z — m 



m 



It 



in 



< 



2(1 + V2) 

It 



7 



dz 



(4.5) 



as by Holder inequality we have 



OG 



— r\s — m\m 2 < 
^-^ ml 

m=l 



< 



V — 



S m 

's — m] 2 
ml ' 



E 



, [2e* r . 

ZeFsJ = V2e s 

V s 



\m=l 

s > 0. 



m\m 



(4.6) 
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Now, let 6 = 0. If / G C([0, oo]), then straightforward calculations (see, e.g., [7J Lemma 
4.1]) show, for every x > and t > 0, that 



e" / [f( lzt )-f(0))e-*- 
Jo 7* 



(4.7) 



v m— 1 



m! (m — 1)! 



r/z 
7* : 



(2f°/)"M 



1 

7*' 



/ [/( 7 *t)-/(0)]e-*(z-2) 



o 

i ^f^ri r,, . 



riz 
7* 



2 



m+1 



2^ + 



m— 1 



(m + 1)! ml (m — 1)1 



(4.8) 

dz 



Since 2f % = P?>° f - /(0) if <? = / - /(0) and so (P^g)' = (2f °/)' and {P^g)» = 
(P^' /)", w.l.o.g. we may suppose /(0) = 0. Therefore, summing by parts in (|4.8p we have, 
for every x > and t > 0, that 



t 1 r 00 

x(P?>°f)"(x) = -e-ft— / f( 7 zt)e- z dz + 
7* 7* Jo 



JL 1 V — V 

+e t« — 2 j 



oo / \ m -i / 

X \ 1 / X 



v m— 1 



m / f{izt)e 



yt ^-^ V 7* / m! V 7t 
By Lemma 11.31 and (I4.6P we obtain, for every x > and t > 0, that 

|x(P7'°/)"(x)| < 



m! 



-(m — z)dz. 



It 



oo — S- 3^ 

e t* ■ 



7* 



-i oo , \ m -. 
1 \"^v I X \ 1 



+e i* — > — — 

it , V 7* / 
m=l x 7 



X 


[•CO 


m 




7* 


Jo 



v m— 1 



f(jzt)e~ 



ml 



\m — z\dz 



^ ll, i oo — ^ 



7* 



X \ 1 



~t~ 2 ^ — v [ 
7t ^— ^ Kit J m\Jm 

m=l v ' v 



X 

m 

It 



< l|00 C " 



7* 



h2\/2e 7* 

it 



< 



1 + 2^/2 
It 



(4.9) 



Combining (IP]) and (|4~5l) (by (I4~9]) in case 6 = 0), it follows that 



||^' b p7<7Hoo < 



2(1 + ^ + 6) 



< 



2(1 + ^/2 + 5) 



7 7o 
for every t > 0, b G [0,5], 7 G [7o,oo[ and / G C([0,oo]). 

As a consequence, we obtain (see, e.g., |12| Chap. II, Theorem 4.6]). 



□ 



Corollary 4.2. Let 2?, 70 > 0. Then there exists 6\ = 0(2?, 70) G]0, ^] such that, for every 
9 g]0, #i[ i/iere exists d\ = d(B,'jQ,6) > for which 



7T 



||2i(A, ^4 7, )/||oo < di^jyp, |argA| < - + 9, A / 



(4.10) 



for every f G C([0, 00]), b G [0,2?] and 7 > 70. 
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5. Gradient estimates 

Proposition 5.1. Let -B,7o > 0. Then, for every b G [0, B] and 7 > 70, the following 
properties hold. 

(1) For every f G C([0,oo]) and t > 0, P^ b f G C 1 ([0, oo[) and 



\y/Z(P?' b f)Xx)\ < 



2V2 
a/To* 



x > 0. 



(5.1) 



(2) There exists 6\ = 9(B,jq) G]0, 5] suc/i i/iai, /or every G]0, #i[ i/iere exists 



d(B,^Q,6) > /or which 

fl(A,^ 6 )/eC' 1 ao,oo[), 
lim ^(^(A,^ 7,6 )/)'^) = 0, 

X-5-0+ 

|V^(i?(A,^ 6 )/)'(^)|<d 2 



x > 0, 



(5.2) 
(5.3) 

(5.4) 



/or every / G C([0, 00]) and |argA| < § + # vjii/i A / 0, where d\ is the constant 
appearing in (|4.10p . 

PROOF. (1) Let 6 > and 7 > 0. From (|4.2I) it follows immediately that P^' b f G 
C 1 ([0,oo[). On the other hand, we have 



r(± + 1) 





6 

z 


/o 


7 



r($ + i) 



e 2 zi(iz + 



r($ + 1) 



e z zi dz 



1 + 



r(-) = 2. 



So, fixed any / G C([0, 00]) and applying Holder inequality in (|4.4p and Lemma [1.31 we get, 
for every t > and x > 0, that 



\(P?' b f)'(x)\ < 



< 



< 



< 



00 / x m 
X 



1 \ / x 

3 °^ e 7t 2^ ll 

171=0 



it 
l 



7V m!r(m + ^ + l)/o 



-Z T71+--1 

e z t 



z — m 

7 



r/2 



00— e t* 
7t 



00— e t* 
7t 



00 / \ m 



fi V7V 

' 00 

2 + 2£ 



'" + 7, 



' \jt J mlym + 1 



2II/IU V* E (4) -TT^r 

7* n \jtJ m!v/m + l 

m=0 

1 / 00 / \ m 1 

211/llooV^ E i 

71 \ z — ' V71/ m\(m + l) 

\m=0 v ' v ' 



e 2 7 t 



211/Hooie-^ 



7t , -2. 

— (e-r* - 1 

x 
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Now, let 6 = 0. Then by (I4.7D we have, for every t > and x > 0, that 
|W .o /yw|£2||/|U ^( 1 + f^)"_i_) 

— ^ oo / s m i 
= 2v^||/||oo 1 ^53 4 — ^=== < 2\/2||/|| 



m=0 

So, (1) is satisfied. 

(2) By (1) and the dominated convergence theorem we obtain, for every ry > 1 and x > 0, 
that 

At this point, (|5.3p and (|5.4p follow by arguing as in the proof of [TJ Proposition 2.1]. □ 
In case 6 > 0, we can achieve the following global gradient estimate for the resolvent. 

Proposition 5.2. Let 6, 7 > 0. T/ien i/iere exists a constant C > independent on b such 
that, for every A > and f £ C([0,oo]), we have 

IKi^AX/O'Hoo < imax{2,|}c7||/|| 00 . 

In order to prove this, we need the following result. 

Lemma 5.3. Let f £ C 1 ([0,oo[) H C([0, oo]) 7 with f bounded. Then, for every x > 0, we 
have 

00 / t \ m 1 r°° b 

(P7' 6 /)^) = ^E(S , r , TVTtJ f\izt)z m ^e-*dz. 
^ V7V m!r(m + - + 1) Jo 

PROOF. Integrating by parts in (|4.2p . we obtain, for every x > and i > 0, that 

e ~jt 00 / x \ m 1 Z" 00 / z m+b/-y ^771+6/7— 1 



KtJiK > It Wo JU ; v r(m + 6/ 7 + l) r(m + 6/ 7 )j 



e"^/i\ m 1 / //°° . z m +^ , f°° _ Z£( , z m +V7-i > 

t5w e ^(m+^+D^-yo e_/w fMM" 



m=0 

--2- 00 ,„ . 

e t* x— v I x \ 1 



y - — 

' V -v* / ml 



7i \ 7t 7 m! 

' m =0 v ' 7 



-e- 2 /( 7 ^) 



z m+b/f 



r(m + 6/7 + 1) 



/•oo 
JO 



^m+6/7 



r(m + 6/7 + 1) 



/■oo gin+b/y— 1 />oo ^rn+b/y— 1 \ 

+ / e - z f{ 1 zt)(m + bh)————-dz- e~ z f{ 1Z t) dz) 
Jo r(m + 6/7 + 1) 7 r(m + 6/7) y 

^ WJ m!r(m + 6/7 + l)y U ' 

We observe that the above inequality ensures that, for every / € C 1 ([0,oo[) Pi C([0,oo]), 
with /' bounded, we have 

||(/2(A,^)/)'lloo<||/'||oo, A>0. 
But in order to estimate ||(i?(A, j4 7 ' fe )/)'| with ||/||oo) we need to proceed as follows. 
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Proof of Proposition 15.21 We first assume that / e C 1 ([0, oo[) n C([0, oo]), with /' 
bounded. In such a case, by Lemma [5.31 we have, for every x > and A > 0, that 



(R(X,A^ b )f)'(x)= / e-*{P?> b f)'(x)dt 



X \ 1 1 



£ ( mi. 



00 poo I 

m =o Jo \ 



< Q \<ytJ m!r(m + ^ + l) J 



f(jzt)z m+ ^e- z dz dt 



z m+- 1 

e z t ■ 

m 



1 



!r(m + ^ + i)y 



On the other hand, for every m > 0, x > and A > 0, we have 



-At 



7* 



f(rf*t) c -xt 



7Z 

1 

7^ Jo 



m too 



— e 7* 

7* 



1 



o l z Jo 



-At 



m -i / 

— I e t* 

7 i 



-At 



7 f 



e -- A+ \f(zjt)dt. 



t 7 t 2 



So, we obtain, for every x > and A > 0, that 
( J R(A,A^)/)'(x) = 



1 oo 



7 ^ m!r(m + ^ + 1) J 



dze- z z m+ ~r l / /( 7 2t) e 



-At 



It 



( , m x \ , 

xe 7* AH ^ di 

' 1/0 m=0 v ' 7 



m!r(m + ^ + 1 



x / e- z z m+ ~ X f(azt)dz, 



after having observed that we can interchange sums and integrals because the integrals and 
series are absolutely summable. 

By Lemma 11.21 it follows, for every x > and A > 0, that 



\R(X,A^)f)'(x)\< 



7 Jo 



oo / \ m 
X 



1 



-e 7* 



< 



\e~ M dt + max{2, } 



o\7V m!(m + ^) 

\ 1 



m x 



t 



E ( ^y- 



m=0 



< - 

7 



< 



ima X {2,|}||/|| 00 ^ 
-max{2,|}c||/|| 00 



— A— 1 



OO 



7ty {m + l)\ 
1 



e 7* 



It 



dt 



\JL± yr^ m 

e 7s - y s e \m — s, , 

s ^ 1 (m + 1)! 

m=0 



ds 



with C independent on b. 
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Finally, let / E C([0, oo]) and let (f n ) n C C 1 ([0,oo]) be an approximating sequence for / 
in C([0,oo]). Then from (I5.4p it follows that 

lim ^d x R(X,A^ b )f n (x) = y/xd x R(X, A y ' b )f(x) 

n— >oo 

for every x > and A > 0. So, for every x > and A > 0, we obtain 
\(R(\,A y ' b )f)'(x)\ = lim \(R(X,A^ b )f n )\x)\ 



< lim — max {2, ~\ 

n— >oo 7 L J 



1 

— max 

7 



Ml 



□ 



Corollary 5.4. Lei 6,7 > 0. Then there exists a constant C > independent on b such 
that, for every A > and f 6 C([0, 00] ), we have 



\x(R(X,A b )f)"\ 



< 



C 

7 



1 + max 



b 

2-1 

7 



PROOF. Combining Corollary 14,21 and Proposition 15.21 we obtain, for every A > and 
/ € C([0,oo]), that 

1 



\x(R(X,A^)f)"(x)\ 



< - 



< 



A^ b (R(X, A^ b f) - b(R(X, A^ b )f)'{x) 

XR(X,A^ b )f - f -b(R(X,A^ b )f)'(x) 

l + di + -max|2.?)c 
7 lb) 

f b 

1 + max <J 2—, 1 

7 



where C := max{l + d\, C}. 



□ 
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